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Analysis of Time-Space Translations in Quantum
Fields

Heinrich Saller!

Received November 28, 1996

I discuss relativistic quantum fields whose time-space translations are realized
in indefinite unitary groups. Such indefinite metric fields describe interactions,
e.g., the Coulomb interaction, which cannot be parametrized completely by
particles. They cannot be expanded with time-space translation eigenvectors; the
representations of the translations involved are triangularizable, but not
diagonalizable. To project on a positive-definite subspace for a probability
interpretation, the vanishing of the nilpotent part in the time-space translations
realization is required. A trivial Becchi-Rouet—Stora charge (gauge invariance)
for the asymptotics in quantum gauge theories can be interpreted as one special
case of this general principle—the asymptotic projection to the eigenvectors of
the time-space translations.

NOTATIONAL PRELIMINARIES

Throughout this paper definite units for the—apparently—threefold
dimensional graduation in physics are assumed: # (Planck’s action unit),
c (Einstein’s velocity unit), and an unspecified mass unit py. With such a
basis all masses and energy-momenta come as real numbers.

Relativistic fields are symbolized with boldface letters, e.g., ®(x), Z(x),
1(x), b(x), etc., their harmonic components with Roman letters, e.g., e, U, a,
b, etc.

For Lie groups, U(n,, n.) and SU(n,, n_) with n, + n_ = n stand for
the unitary and special unitary groups. O(n,, n_) and SO(n,, n_) denote the
real orthogonal groups, SO*(1, n) the orthochronous groups. The notations
GL(C"), SL(C") and GL(R"), SL(R") are used for the complex and real
general n>-dimensional and special (n> — 1)-dimensional groups. If GL(C")
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1034 Saller

and SL(C") are considered as real Lie groups with dimension 2n? and 2(n?
~ 1), respectively, they are denoted with a subindex R, e.g., GL(C")y and
SL(C™"g.

For groups realized in endomorphisms (matrix groups) a more individual
notation proves useful. The U(1) isomorphic phase group for a d-dimensional
complex space is written as U(1,). If U(1) is realized in SU(2) by

e 0
0 e—ia

the notation U(1); will be used, in SU(2d) the notation U(1,);. If U(1) comes
in U(2) as

e 0

0 1

it will be called U(1), and correspondingly U(1)- and U(1,).. Analogous
notations will be used also for other groups, e.g., SL(C5)r for

SL(C"x 0
0 SL(C")x

The groups U(n,, n_) = U({,) o SU(n,, n_) are the product of two
normal subgroups, the phase group and the special group. Because of the
cyclic group I, = {z e Clz" = 1} as intersection U(1,) N SU(n,, n_) =1,
the product is not direct for n = 2. The group GL(C")x = D(1,) X UL(C")y
is the direct product of the normal subgroups D(1,)) (dilatations) and UL(C")g
= U(1,) o SL(C"), the latter being the product of the phase group and the
special linear group, not direct for n = 2.

The Lie algebras for the groups will be denoted with corresponding
lowercase letters, e.g., u(1) for U(1), sl(C*)g for SL(C"), etc.

INTRODUCTION

Wigner’s (1939) particle classification relies on the harmonic analysis
of the Poincaré group in terms of U(1)-characters for the time-space transla-
tions x, i.e., positive unitary representations e™ e U(1) with real energies
go = (m* + g»)". In the course of such an analysis the semidirect product
Poincaré group SO*(1, 3) X, M with the orthochronous Lorentz group SO*(1,
3) and the Minkowski time-space translations M = R* as action group for
fields is reduced to an action group for particles, given by a direct product
group SO(n) X T with a homogeneous compact group SO(n) C SO*(1, 3),
n = 3, 2, as the stability group for a 1-dimensional time translation group
T = R. The cases for massive and massless particles have to be distinguished.
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For a particle with nontrivial mass m?> = ¢* > 0, the stability group
SO(3) (spin) describes the rotation degrees of freedom of the rest frames
which are characterized by the energy-momenta g(m) = (m, 0, 0, 0). An
associated Sylvester decomposition splits the Minkowski space M = T &
S? into time and space translations $° = R3,

Massless particles with lightlike energy-momenta g> = 0, g # 0, have
no rest systems. In this case, the Minkowski translations have to be Witt-
decomposed M = L, © S? @ L_ into two 1-dimensional lightlike translation
spaces L. = R and 2-dimensional space translations S? = RZ, The stability
group of those time-space translation frames which are determined by two
independent lightlike vectors g(pu+) = w«(1, 0, 0, =1) or, equivalently, by
one nontrivial timelike and one spacelike vector L, @ L_ = T @ S! with
qgp) = (m, 0, 0, 0) and g(x) = (0, 0, 0, ), is the circularity (helicity,
polarization) group SO(2).

Collecting both cases, there arises the following scheme of Minkowski
space decompositions with their particle’s relevant stability groups:
DSOB)forTD S (m? > 0)
DSOR)forL,®S2BL. (m2=0)

In the framework of quantum theory, the time-space translations and
the Lorentz group, both real Lie groups, are realized on complex spaces, i.e.,
they come as subgroups of unitary groups, not necessarily positive unitary.

The Lorentz group comes in the group SL(C?), considered as a real 6-
dimensional Lie group and denoted by SL(C?)g, with the isomorphy SO*(1,
3) = SL(CHg/I,, where I, = {*1} is the sign group (real phases).

For Weyl spinor fields, the Lorentz symmetry SL(C?)y is represented
as subgroup of the indefinite unitary group U(2, 2), where it is accompanied
by a phase group U(1). Starting from the phase Lorentz group

UL(CH)g = {\ € GL(CHg|ldet M = 1} = U(1,) o SL(CH)y
the orthochronous Lorentz group is the manifold of the phase U(1,)-orbits,
i.e., UL(C?)R/U(1,) = SO*(1, 3). Massive Majorana and massless Weyl
particles are characterized by the subgroups
U(1,) » SU2)
D { Majorana particles
(m*> > 0)
U() X U()
D { Weyl particles
(m* = 0)

SO*(1, 3) for M

SL(CHr C UL(CHg

The stability group for Weyl particles is a U(1)-circularity (polarization) with
U(1) = SO(2); for Majorana particles one has spin SU(2) with SU2)/1,
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= SO(3). The additional U(1) group realizes the time-space translations
(Section 1).

The stability group for Dirac particles is spin SU(2) and, in addition,
an internal charge group U(1) which arises because of the twofold left—right-
handed Lorentz group representation involved,

SL(C»)x C U(1) X UL(C?g D U) X U(1,) » SUR)
Dirac particles
(m? > 0)

For vector fields, the Lorentz group SO*(1, 3) is represented as subgroup
of the indefinite unitary group U(1, 3), compatible with the Lorentz “metric”
(—1, 1, 1, 1). The arising field types are given in the scheme

U(1) - UE3) D U(1) X SOQ3)

D Sylvester particles
m?* > 0)
$O*(1L,H CUWL D ry 1y. 1) D UQ) X SOQ)
D Maxwell-Witt fields
(m* = 0)

In the case of a Witt decomposition the indefinite Lorentz “metric” gives
rise to the indefinite unitary subgroup U(1, 1) containing the time translation
representations for the nonparticle contributions of the Maxwell-Witt fields
(Saller et al., 1995) (Section 2).

In general, positive and indefinite unitary groups realizing time-space
translations will be called modality groups. They characterize the conjugations
and inner products involved and, therewith, the probability interpretation of
the theory. The symmetry group of a relativistic field dynamics, e.g., SO*(1,
3) or SL(C?)yg, should be distinguished? from the unitary modality group,
e.g., U(1, 3) or U(2, 2).

Representations of the time-space translations in the positive-definite
modality group U(1) are used for Wigner-classified particles. The correspond-
ing fields have an analysis in terms of translation eigenvectors. Fields with
translation representations in indefinite modality groups, €.g., the nonparticle
Coulomb degree of freedom in massless gauge fields, Fadeev—Popov fields,
etc. (Section 2), have no full particle analysis. The harmonic analysis cannot
be performed with translation eigenvectors only. The mathematical structures
involved, especially the connection between translations representation and
metrical structure, are sketched in Section 3.

2 An analogous situation is familiar from “dynamical symmetries,” e.g. U(2, 2) for the nonrela-
tivistic hydrogen atom containing the symmetries SU(2) X SU(2) for the bound states and
SL(C?)y for the scattering states.
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The main problem using fields which describe interactions without
asymptotic particles is the unitarization, i.e., the establishment of a projection
condition, compatible with the dynamics, to a state space with a positive
inner product. It is shown in Section 4, how the projection to translation
eigenstates coincides with the projection of the full aigebra of fields to a
subalgebra with positive inner product. In the case of Maxwell-Witt fields,
the projection to time-space translation eigenstates coincides with the familiar
gauge invariance condition (Becchi—Rouet—Stora invariance [Becchi et al.,
1976]) for quantum gauge fields.

1. PARTICLE FIELDS AND POSITIVE METRIC

In this section, positive metric quantum fields are considered which can
be expanded with particles only, i.e., with translation eigenstates. To prepare
the discussion of the less familiar fields with indefinite metric in Section 2,
the representation properties of Dirac, Weyl, Majorana, and Sylvester particles
are considered in some detail with respect to the represented action groups.

For a relativistic particle field ®(x|m) which is symmetric with respect
to a conjugation * and which allows an analysis of the time-space translation
properties with a Dirac measure for mass m = 0

d*q e"“’( 1

(Di(xl m) = J (211_)3 ‘lé(qo)

)S(m2 — g)e(q) = Po(xIm)* (1.1)

the energy-momentum reflected harmonic components e(*¢q) are related to
each other by the conjugation *,

_[_dq (1) eM(q) + e ™e(q)¥|
®.(xIm) J 2m)q0 (—i) 2 do=(m2+3D)\2 12
e(g) = e(—g)*

The real 4-dimensional additive group of the time-space translations M
= R*is realized for particle fields in the real 1-dimensional compact unitary
group U(1) with the energy-momenta g, g> = m?, as eigenvalues

Di(x1g) = €™ = D(—xlg)*
Di(-lgr M~ U(), {aj’l(io‘i))‘(qu)ziq}( HOX (g3

Because of the positive-definite modality group U(1) with conjugation *,
particle fields have a probability interpretation. The representation D,(x!|g)
of the time-space translations in U(1) is irreducible and not faithful.
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The relation between the U(1)-conjugation * for the represented transla-
tions and the field conjugation * above has to take care of the spin proper-
ties involved.

1.1. Sylvester Particles

Sylvester particles will be defined as Bose particles with nontrivial

mass M > (O and stability group SO(3); they carry integer spin s = 0, 1,
. representations.

For faithful representations of the Lorentz group SO*(1, 3) with stability
group SO(3), the defining representation can be exemplified by a massive
vector field without internal charge degrees of freedom, e.g., the free neutral
weak boson field Z* of the standard model with mass M > 0. With a rest
system determined up to space rotations, the time-space translation analysis
for Z* and its canonical partner G¥ read

_ eU@Q)" + e ™8PU(Q);
258 = | Gty ( ) N

o " €Uy — e MEPU@Q);
iG(x)Y J(z . J_A() () 7 (1.4

eff = 83 — 8{3;

The boosts A(g/M) with g> = M? transmutate from Lorentz vector fields
to spinning particles, i.e., from SO*(1, 3) to SO(3) representations with three
spin directions a = 1, 2, 3,

k -
119 ¢
A<i) = q ®4q |, A1,0,0,00 =1, (1.5)

Those transmutators are representatives for the classes of the real 3-
dimensional Sylvester manifold SO*(1, 3)/SO(3).

The free field dynamics is illustrated by the classical SO*(1, 3)-
invariant Lagrangian

32, — 0,Z,;

L(Z, G) = G* % - $(Z, G) (1.6)
JkCy. 7.

Q(Z, G) = _M(E% + Z_ZZ_J)

With the representation of the Lorentz group in a unitary group SO*(1,
3) C U(1, 3), the stability spin group comes with a U(1;)-conjugation, U(1;)



Analysis of Time-Space Translations in Quantum Fields 1039

X SO(3) C U(1, 3). The positive-definite modality group U(l3) = U(1)
represents the time-space translations. Its conjugatlon exchanges Z-creation
operators U(q)“ with Z-annihilation operators U(q)a,

conjugation *

pav: aby T(A\*
for modality group U(13)} U(g)* « 8"U(g); (1.7

Lorentz vector fields are symmetric with respect to the conjugation *, i.e.,
Z=7*G =G
The quantization and Fock-space positive inner product

[U(p)L U@ = 882m)°qed(g — p) (1.8)
(U, U@}y = 852m3q0d(g — p) = (UP)U(Q))

lead to the field commutators and Fock values of the anticommutators, e.g.,

[Z(y), Z(xy'] \ _ . ﬁ is(x — ylM)
UZGY 2y~ —\ C(x — yIM)

- M q ‘ abf § SI0(Xo — Yo)qo q\;
- J (270 MA(M),8 cos(xo — youqo )"\ J*
(1.9)

with the quantization distribution s and the expectation function C
Cixim)\ _ d*q ™ .1 S — ) = d3q e %4 CoS Xg go
s(x1m) Qm)?® \ —ie(qo) (2m)3ge \ SIN Xodo
(1.10)

The modality group U(1), generated by il(U), is compatible with the
stability group SO(3), generated by iS(U),

&g (U@ U@)3)

1= j e 2 NOr
[ g AU@LU@E
S(U)* = J (2“)3% i€ 2 = S(U) (1.11)

[I(U), SU)] = 0

1.2. Dirac Particles

Dirac particles will be defined as Fermi particles with nontrivial mass
m > 0 and stability group U(2); they feel half-integer spin SU(2) representa-
tions s = 1/2 and a nontrivial internal charge group U(1).
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Faithful representations of the phase Lorentz group UL(C?); = U(1,)
o SL(C?y with stability group U(2) are exemplified by massive Dirac fields
W = (1, r). They carry a decomposable phase Lorentz group representation
with irreducible left- and right-handed Weyl contributions, illustrated by the
free electron field of the standard model with mass m > 0. The time-space
translations analysis for left- and right-handed contributions

4_ ™ u(g)* + e *a(g)"™
10 = [ Gy YA ( ) 7

irGA = i J L o X(i) eru(g)" — eTMalg)™ )y

2m’q0 m J2
. _[_d% g\" a@) + e u@h
el J @mrg V" )\(m),; J2
[ _dq g\ " €a@)e — e (gL
O = J @mg V" A(m),, 2

involve electron and positron operators for creation u(q), a(q) and
annihilation u(q) a(g)*.

The Weyl-represented boosts A(g/m) with ¢g> = m? transmutate from
spinor fields to particles, i.e., from SL(C?)y to SU(2) representations with
two spin directions o = 1, 2,

q Go + m oq
4) - TRy 4
A(m) 2m ( 2 g+ m)’

*—1 -
~ +
m m 2m go+ m

A1, 0,0,0) =1, = A(1, 0, 0, 0) 1.13)

A.‘ik 1..\[e )\ ’ )\iA)\im___(Pk)ﬁqk
m). 2 m B> m) \mJ, m

Weyl matrices: = (1, @), pe = (I, —G)

A classical UL(C?)g-invariant Lagrangian reads
L, r) = iApoH* + irpd'r* — $(@1, 1) (1.14)
3, r) = m(Pri + 1)
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The quantization connects dual pairs
(u(P)s u@P) = (a(P)a, 3@} = 32mYqedlg —p)  (1.15)
The stability group conjugation

conjugation * }{0(3)“ © 8°%u(g)h

for stability group U(Ly) © SU2,) [ a(g)*™ « 8“33(3)3 (1.16)

exchanges creation and annihilation operators.
The phase group U(1,) = U(l), e.g., the electromagnetic charge group
for electrons and positrons, is generated by il(u, a*)

I(u, a*) = I(u) + I(a*)

[ dq @ u(@al + fa@)*, a@)al
- J (2m)g 2 (47
= I(u, a*)*
and the spin group SU(2,) = SU(2) by ig(u, a")
Swah) =Sw +S@) | L

_ [ _d?q  —g[u(g)”, u(g)s] + [a(g)™, a(g)s]

) l e’ 2 19

= S(u, a*)*

The group U(l,); = U(1), which represents the translations, has the
generator il(u, a)

d’q @), u@l ~ @@ a@)d _
@m’q 2

[(u, a*) + S(u, a*), I(u, a)] = 0 (1.19)

The Fock inner product is positive with the stability group conjugation *,

(@) u@Pl) = W(p)in@)) = BEmYgd(g —p)  (1.20)
([a(P)*®, a@))) = (a(p)**a(@)e) = 38(2m)°q03(g — p)

Quantization and Fock state lead to the familiar field anticommutators
and Fock values of the commutators,

({1(0)*, l(x)}) - pkak< s(xtm) ) (10)%, 1K)} = pod(x), etc. (1.21)

Ku, a) = Iu) — I(@*) = J I(u, a)*

(O, 1)) —iC(x1m)

Spinor fields are symmetric I' = 1, (ir)' = ir, etc., with respect to the
indefinite conjugation exchanging particle creation with antiparticle
annihilation

conjugation t: u(g)® « a(@)**, a(@)e < u(@): (1.22)
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1.3. Weyl Particles

Weyl particles will be defined as massless Fermi particles m = 0 with
stability group U(1l) which may be called an internal (hyper)charge or
circularity.

The massless limit of the SL{C?)g/SU(2)-transmutator, used for a Dirac
field, leads to the two projectors for lightlike energy-momenta g> = 0, g, # 0:

. [m [q\ 1, +0oglql
= l —_— -_— = —-—
pdg) = lim 2 k(m) >

Clim [ §(2) = Lol
r-(@ ,1,’13) 0 h(m) 3 (1.23)
12 * g3

p+(q03 0’ 0’ tq()) = = p—(‘](), Oa 09 Iq())

2

Any spacelike direction c_r)a)/ IZI)I can be transformed into a fixed third axis
o5 of a rest frame, determined up to SO(2) rotations of the (1, 2)-plane,

O(i)"f’”(l) =3l g=3*>0 (1.24)
qo qo lq!

with a ‘rotation’ o(Z}/qo) e SU(2) as a representative of a class in SO(3)/
SO(2) = SU2)U(1);,

A pep—— N P R
do V2qo(go + @)\~ — @2 G0t g3
- =\ K - Sk
q 12 + 03 q q q
0= 3) 20 ] o 1)) 29
P4 do 2 o do do

—>\A —=>\A
with ot(i) = o(l)
do qo/, ,

Therewith the time-space translation analysis of a free massless Weyl
field with a left-handed Lorentz group representation and classical Lagrangian
L(1,) = il,poM3, e.g., of the electron neutrino field in the standard model—if
massless—Ilooks as follows:

L = f 4’q /c1—00+<

(2m)°qo

-

A
qi) (e*u(g) + e ™a(g)")  (1.26)
0

3 * g . -
L)L = J 4q Va0 0+<-q—).(e"’“’a(q) + e ™ u(q)*)

(217)3610 do



Analysis of Time-Space Translations in Quantum Fields 1043

With the massless field stability group U(1,) X U(1); C U(2) there is
no SU(2)-spin degree of freedom left for the particles.
The conjugation * exchanges creation with annihilation

conjugation * ~ - - ~ .
for stability group U(12)} ug) < ulg), alg)ealq) 127

The stability group U(1,) = U(1) is generated by il (u, a*)

L(u, 2" = L(v + @), a
_ J d’q  [u(@), u(g)'l + [a(@)*, a(g)]
27m)Yqo 2
= L(u, a*)*

(1.28)

I(u, a*) is an internal (hyper)charge or the polarization.
The translation representing group U(1); = U(1) is generated by il (u, a),

L(u, a) = I(uw) — I(a*)

=Jﬁqm@Mka@w@1
(2m)’qo 2

[(I(u, a*), I.(u,a)] = 0

= [(u, a)* (1.29)

The Fock product is positive with the conjugation *, in analogy to the
massive case.

1.4. Majorana Particles

Majorana particles, if they exist, will be defined as Fermi particles with
nontrivial mass m > 0 and stability group SU(2) for spin s = 1/2 without
an internal charge.

Since the SL(C?)y Lorentz properties of the irreducible Weyl contribu-
tions I(x)* and r(x)} in a Dirac field are isomorphic with the invariant bilinear
spinor ‘metric’

N e SL(CHx:  €4pMEe® = WS, €48 = —€pa (1.30)

one can consider the case where the four Dirac fields (I, r*; r, 1*) are built
with only two irreducible left- and right-handed Weyl representations (L, R)
by ‘crossover’ identifying particles and antiparticles

a(@)* = i@,  a(@)e = —iu(g)Pep, (1.31)
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Therewith one describes Majorana fields with the time-space transla-

tion analysis
Jmn ( ) eTu(g)® + e“x‘lte"‘ﬂu(q)a

Lo® = j i e iAPR(0%

3 *a ixq - 8; + —ing . .
Lk = | e V7 x(1) T T D < Ry
A

(27)’qo m ﬁ
(1.32)

The classical Lagrangian is only SL(C?)g-invariant,
L) = iLpd'L* — $(L) (1.33)
$(L) = im(epa L'L® — LiL}e4)
The two conjugations use the two components a = 1, 2,

conjugation * > e SaBy
for stability group SU(Z)} u(q)* < 8*Pu(q)s (1.34)
conjugation u(;;)m - ieaﬂu(a’)a

One can write for the combinations in the time-space translation analysis

+ a
u® aBy* o u
+ i€ ug = (l(a _ u*))

ul=u w=ia= ’ . (1.35)
. e ab a0 —a
i — iePup) = (—<a +9)

The dual pair quantization and Fock values are analogous to the
Dirac case

{u(p)s u(@)P} = 88(2mged(g — p) = ([u(p)k u(@)P]) = (u(p)au(g)®)
(1.36)

The generators iS(u) for the spin group SU(2) and iI(u) for the transla-
tions realizing group U(1) are

Sw =J g5y WO" U] _ g,

Quyg ° 2
[ dPq @%u@d
Iw) = J o 5 = I(u) (1.37)

S, Iw)] =0
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2. FIELDS WITH INDEFINITE METRIC

In this section the less familiar indefinite metric quantum fields are
discussed. Such fields cannot be expanded with particles only, i.e., with
translation eigenvectors. They are used for locally formulated relativistic
invariant interactions.

Prominent examples for indefinite metric quantum fields are gauge
fields: The electromagnetic vector field with its four Lorentz components
has two particle degrees of freedom with positive-definite modality group
U(2), the two massless photons as left- and right-polarized representations
of the stability group SO(2) for the Witt decomposition M = T @ §? @ S!
of the time-space translations. The two additional SO(2)-trivial lightlike
degrees of freedom T @ S' = L, @ L_ = R? have no particle interpretation.
They describe the gauge degree of freedom and the Coulomb interaction and
have an indefinite U(1, 1)-modality group wherein the translations are
represented.

Also, Fadeev-Popov fields have an indefinite U(1, 1)-conjugation X
without particle interpretation.

Characteristic structures of indefinite metric quantum fields are derived
Dirac measures. A relativistic field ®'(xim) = (d/dm*)®(x!m) which is
conjugation * symmetric and allows an analysis of the time-space translations
with a derived Dirac measure for mass m = 0

, _ [d*qe™ 1
st = [ T (- ida

contains harmonic components e(q, x) with a first-order polynomial depen-
dence in the time-space translations

, _ d’q [ 1) (g, x) = e *e(q, x)*|
) = | o (—i) 2

)8'(m2 — ¢)e(g) = PLlxim)* (2.1)

2.2)

q0=m>+gH!"

with e(g, x) = eg(q) + ixe,(q) = e(—x, —¢)*
In this case, the real 4-dimensional additive group of the time-space

translations M = R* is represented as a subgroup of the indefinite unitary
group U(2, 2) with the energy-momenta g, g*> = m?, as eigenvalues

r . .
Daxlq) = e[ 2 ) _ ok — p(—x14)"
0 1,
-lg) 2 , ) J J
Dy( lq) M — U2, ), 6!'x=0D2(XIq)=iQ]=i q12 p
0 41,

P/ = (1,0
(2.3)
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The image of the time-space translations is an R*-isomorphic unitary subgroup
of U(2, 2) as illustrated by the triangular Jordan matrix with the characteristic
nilpotent contributions. The time-space representations D,(x | ) are faithful and
reducible, but nondecomposable. Because of the indefinite unitary modality
group U(2, 2) such fields have no probability interpretation in terms of particles.

2.1. Maxwell-Witt Fields

Maxwell-Witt fields (Saller et al., 1995) will be defined as massless
Lorentz vector Bose fields with stability group SO(2) for circularity (polariza-
tion). In addition to massless particles they contain also nonparticle con-
tributions.

The SO*(1, 3)-invariant Lagrangian for a free massless vector field, e.g.,
the electromagnetic field

A, — A,

LA, F, G) = Go,A* + F* —’——"—2—"—’ - %A, F,G) (24
F/*F, 2

HAF,G) = —p— 2~ oS

has to include, with respect to a quantum framework, a canonical partner G,

called a gauge-fixing field, for the scalar part of the vector field A*. Here p

> 0 is a mass (no particle mass) which, in an interacting theory, can be related

to the gauge coupling constant; o # 0 is called the gauge-fixing constant.
In the quantization distributions (Nakanishi and Ojima, 1990)

[iF9(0), A,(x)]
[AX0), G(x)] 2.5)
[A%0), A/ ()]

. igs(q?)
= j d(2q“e;‘3’“’ e(qo)/ _ 73(g”) _
—un93(q") — (. + 0)g'9°' (4°)

there arises the derived Dirac measure 8'(g?) as a characteristic feature of
the nonparticle structure. Its time translation analysis looks as follows:

Y
s'(xim) = Z?n? s(xlm) = —i J d(z"ﬂ‘;:q €@)d'(m — @) (2.6)

3 f d?q e~ xoq0 cOS Xogo — Sin Xogo
(2m)’qo 245

The translation analysis of the massless vector field has to include a
transmutation 0(g/qo) with ¢* = 0, g # 0, from the rest frame stability group
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SO(3) to SO(2) for rest frames with fixed third axis

1 0 0 0

0 1- (9 9 q

5 90(qo *+ g3) 900 + 930  qo
O(i) =lo 9% |- (920 %@ V)

%o qo(qo + q3) 90(q0 + g3) qo

0 4 _% KE}

9 90 9o

.k - =\

g\ _ 1. {(q\, (q)v N
O| =1 = = tr of = |p*o| =} p;, 00,0, 1)=1
(Clo)j 2 (qo)p 00) " *

According to the isomorphy of a time-space and light-light decomposi-
tion T @ S' = L, ® L_, it is convenient to transform from a time-space
Sylvester basis with diagonal metrical tensor m to a light-space-light Witt
basis with ‘skew-diagonal’ metrical tensor v

1 o 0 0 1
Sylvester: —m = ( 0 1 ), Witt: —v=|0 1, O 2.8)
3 1 0 0
v/2 o 12

v=wnw’  with w= 0 1,
0

0
-2 112

For vector fields, the Lorentz group with its signature (1, 3) indefinite
‘metric’ is represented in the indefinite unitary group SO*(1, 3) C U(l, 3)
which determines the conjugations and modality groups U(1, 1) o U(2) C
U(1, 3) for the gauge field. A massless vector field has the time-space
translation analysis (Saller et al., 1995)

e B(q, o) + €~ N,G(q)*

J2

eXU(g)! + e"=U(g)}

_[_d% 7\ . .
A)f = Im \/M_ 0(2};)'W{" ei""U(q)z + e'iqu(q)E (2.9)
J

=

=

\ewaOG(Z}) + ¢"MB(g, x)*

=

d’q €XG(g) — e ™G(g)*
(2m)’qo w J2

Gx) = iJ
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The (1, 2)-components U(g)"? have time translation representations in the
positive-definite group U(2); they describe particle degrees of freedom (pho-
tons). The (0, 3)-components (B(q) G(q)) have a linear translation
dependence

i _ Rk +a
. M
B(, x)) = B(7) + L’" G@) with { ° M 210
3w t+o
No =
n

The characteristic terms (ixogo/My)e™™ 0% are associated with nondecomposa-
ble, but reducible representations (Boerner, 1955; Saller, 1989) of the time
translations

.
Dol o) = [exp(ixofIO)](O ”‘0";”M°) - exp[ixoqo((l) 1/11‘4())]

(2.11)

as an R-isomorphic subgroup of the indefinite unitary group U(1, 1)
0 1 40 1
Dy(xolq))* = (1 O)Dz(xol%) (1 0) = Dy(—x0lqo)  (2.12)

The quantization connects dual pairs

for (1,2): [U(p)s U(@)Fl = 882m)*q0d(q — p) (2.13)

. [GE B@) = BGY, G@)] = 2mad@ — )
for (0, 3): {[G(p)x G@)] = 0 = [B()%, B@)]

The (1, 2)-particle degrees of freedom have the positive U(1)-conjugation
*, whereas the indefinite U(1, 1)-conjugation X applies for the (0, 3)-nonparti-
cle degrees of freedom

conjugation *
for (1, 2)-modality group U(1,)

conjugation X G(@) « G
for (0, 3)-modality group U(1, 1) || B(g) < B(g)*

} U(g)'? © U@, (2.14)
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The time translations group, as R-isomorphic noncompact subgroup of
U(1,) - U(1, 1) C U, 3), is generated with

H®U, B, G)
_ j &g (1U@" U@L} + (B@), 6@} + (G@), B@"}
(2m)’q0 2
G(@)G(@)"
+ M, ) (2.15)

= I(U) + H(B, G) = I(U)* + H(B, G)*

The stability group SO(2) = U(1) C SU(2) (polarization) is generated
by iS(U) with the particle degrees of freedom only

dq (U@, U@} - {(U(g)% Ug))
(2’"')3‘10 2
[HU, B, G), S(U)] = 0 (2.16)

S(U) = f = SU)*

With the U(1)-conjugation *, the Fock product for the particle degrees
of freedom is positive definite

for (1,2): ({U(P)% U@} = 882w gqed(g — p) = (U(p)iU@)®)
.17

The U(l, 1)-conjugation X == (? }) for the nonparticle degrees of freedom
leads to an indefinite inner Fock product

{G(P)%, B@)}) = ({B(P)*, G@)}) = Qu)qd(@ — p)

for (0, 3): <G(Z)X * B(p)* 6@ * B@\ _ 4 (o3 52 — 3
= = £(2m)qed(q — p)
J2 J2 >
(2.18)

For a probability interpretation, the indefinite metric has to be avoided for
the asymptotic state space: Fadeev—Popov fields counterbalance the ‘negative
probabilities.” The requirement of gauge invariance like Becchi~Rouet—Stora
invariance in a quantum theory projects to a positive-definite asymptotic
particle subspace (Section 4).

2.2. Fadeev-Popov Fields

Fadeev—Popov fields will be defined as massless Lorentz scalar Fermi
fields. They have no particle contributions.



1050 Saller

Their classical Lagrangian uses two scalar fields A,, U_ in a second-
order derivative formalism $£(A,, U_) = i(3*A,)(8,U_) or, in addition, two
vector fields U%, A% for a first-order formulation,

LA, UL) = iA3,U% + U_3,A* — (A, UL) 2.19)
%(At, Ui) = i}LUIiA_k
with a mass unit w > 0 (no particle mass).

The quantization for the Fadeev-Popov fields with the translation
analysis

(2m)’qq 2
v-e= ij (213)3(10 p ) }?”“‘3’* (2.20)
.= J (213)2% A(ﬁ): _— +\/'e2'—%(3)x
A(f=i J (2:1:)3% Jr A(ﬁ): ¢*a(q) —\/g“"“'a(Z)><

connects as dual pairs
(u(p)%, a(@)} = @mYqd(@ — p) = {a(p)%, u(@)} (221

A positive U(1)-conjugation * is impossible, i.e., u* and a* cannot be
identified with a* and u*, resp. With {U_, U_} = 0 also an identification u
= a and u* = u* cannot be used.

Therewith Faddeev—Popov fields have an indefinite conjugation

conjugation X - >y - > o
for modality group U(1, 1)} u(g) e u(@)”, a(g) <alg)* (2.22)
The fields are symmetric with the conjugation X, i.e., U_ = UZX, etc. (Rudolph
and Diirr, 1972; Kugo and Ojima, 1978).
The time translations are generated by il(a, u) with

d’q  [a@), u@)*] + [u(g). a@)*] _ 5
(2m)%q 2 = I(a, w* (2.23)

I(a,u) = I
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The Fock inner product is indefinite with the U(1, 1)-conjugation X =

(u(p)*, a@)) = ([a(p)*, u@)]) = @w)qdq — b)

up) = a@)* u@ *a@\ _ ., 5 o =
=>< = > > £Qmad@ ~ P) (2.24)

2.3. Heisenberg—Majorana Fields

It is possible, in analogy to the Majorana, Dirac, and Weyl particle fields
of Section 1 with U(1) translation representation, to construct Heisenberg—
Majorana, Heisenberg-Dirac, and Heisenberg--Weyl fields, all with the trans-
lations realized in the indefinite unitary modality group U(2, 2). Those fields
have no particle interpretation, but may be used for the implementation
of interactions.

Left-handed Heisenberg—Majorana fields b#, g* are analyzable with the
time-space translations represented in U(2, 2),

b = f d’q x(" )A eHb(g, x)* + e~ MiePb(g, X

@mqo " \m/, J2
Pe “* —eib(q, x)Pieas + e~Ib(g, X)X
i = [ Gt x(%) LU e @2y
A
gwh = f &g (qY €@ + e e Pg @)y
@mYgo " \m/, V2
d’q q)*“ —e™g(q)Pieg, + e (@)X
o5 = | Y =
BE) J @m’q (m / /2

The harmonic components have a linear time-space dependence with the
translation components x(g/m);, k = 0, 1, 2, 3, written in a rest system

b@. 1° = b(@)" + m(ﬁ) g@*
B

o —la A
q qy _ q &fq
A2) = (p")"‘x(—) = (—) xA x(—) 2.26)
(m)ﬁ B \m A mj, A\ m A

—1j
x(i) ) A(i) x5, xh = %%
k

m mk
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The quantization of the harmonic components connects dual pairs
(b(p)X, 8@} = {2(P)X, b@)P) = 88Q2m)q0d( — p)
(2(P)%, 8@} = 0 = (bR, b(@)*) .27)
and leads to the field quantization
{bO)X, b(x)*} = —(P4xslxIm),  {gO)f, gx)*} =0 (2.28)
{8(0)%, b(x)*} = {bO)], g(x)*} = (p“)}A9, s(xIm)

with the characteristic derived measure

icfs(xlm) = 3s'(xIm) = < 9,S(x| m)
2 i dm? %

d*q
= J on )3 e(qo)qk8 (m* — g% (2.29)
A classical SL(C?)g-invariant Lagrangian reads
&b, g) = ibpd'g™ + ighdd* — H(b, g) (2.30)
H(b, g) = ilensg’e” — glgie™) + im(ezbig” — gibje™)

The conjugation X for the time-space translations is characterized by
the indefinite unitary group U(2, 2)

conjugation X o op
for modality group {b(q ) - gaﬁb(q)‘; @231)
U2, 2 g(q) 2(9)s

The R*-isomorphic time-space translation group is generated by iQ(b, g)’,

. g [ @ g@X + 8@ B@DE] | o e
0, gy’ = J (2“)3% (q, [b(g), g(g)x] : (@), b@X] | - (p’)Eg(q)B)
= I(b, gy’ + N(gy = Q(b, g)’* (2.32)

A compatible stability group U(1) is generated by il(b, g)
3 b - (!’ - ;( + e 4 (!’ b - ;(
Ib, g) = f d3q [b(g), g(g)al + [g(g)*, b(g):]

(2m)’qo 2 = I(b, g)*(2.33)

[Q(b, g)’, I(b, g)] = 0
The fields are symmetric under the conjugation T, i.e., b' = b, etc.,

b(q )ik te“Bb(q)a

g(@)* © ieBe(@) (2.34)

conjugation {
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3. MODALITY GROUPS—THE MATHEMATICS

In this section the positive and indefinite unitary representations of the
time-space translations are discussed together with their implementation in
quantum algebras. The mathematical structures of this section have been used
implicitly in the former two sections. They are exhibited rather sketchily in
the following—more as a glossary—and can be found in more detail in the
literature (Bourbaki, 1959, Boerner, 1955; Saller, 1989, 1993a,¢).

3.1. Conjugations and Unitary Groups

A conjugation * is an antilinear isomorphism between a complex vector
space V = C? and the vector space VT = C? of its linear forms. It defines
a nondegenerate sesquilinear form which, for a conjugation, is required to
be symmetric

conjugation: *: Ve VI y o*ev e
dual product: VI X Vo C, (o, u) = w(u) = (o, u) G.D
inner product: *(:1-): VX V—>C, *viu) = * u) = (u*, v)

In the opposite direction, each symmetric nondegenerate sesquilinear form
of a complex vector space V = C? determines a conjugation.

With the conjugation defined between the vector space and its dual, a
conjugation is defined on all multilinear structures, e.g., on the V-endomor-
phisms V @ V7 by (vw)* = o*v¥, etc.

Since any conjugation * on V == C? determines its unitary invariance
group

*(g(v)lgw)) = *(viuw) o g € Ud,, d_) C GL(C%, d=d, +d_
3.2)

the d different classes of conjugations are characterized by the signatures
(d,, d).

With a fixed conjugation of V = C?, e.g., a Euclidean U(d) conjugation
*, given with a dual (V, VT)-basis by *: e4 < 848&;, any conjugation * is
characterizable by a linear V-automorphism * o * € GL(C?).

3.2. The Indefinite Unitary Poincaré Group

The unitary conformal group U(n, n) and its Lie algebra u(n, n) for n
= 1 can be illustrated in a complex (n + n) X (n + n) matrix block
representation. A positive U(n) conjugation * defines an indefinite U(n, n)
conjugation X via the automorphism

{0 1,
*°x=(1,, o)
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We have

_[a b « _ [0 L1\a Y0 1,\ _[(d b*
F= (c d) =F= <1n 0)(b* d*)(l,, 0) = (c* a")
Un, n) = {G € GL(C*|G* = G} 3.3)
u(n, n) = {L|L* = -L}
U(n, n) contains a GL(C")g-isomorphic subgroup with its X-antisymmet-
ric Lie algebra gl(C")g as a real 2n’>-dimensional Lie symmetry,

GL(C")x = GL(Cx = {G - (f, 891*)}

GL(Cr = UL(Cr X D(1,),  UL(C")r = U(1,) ° SL(C"r (3.4)

gl(Cx = BI(Chr = {L - ((’, _0,*)}

gl(CMg = u(l,) @ sl(C"g @ d(1,) = R**

The real Abelian Lie algebras involved are u(l,) = R for the phases
and d(1,) = R for the dilatations. The remaining simple Lie algebra of rank
2(n — 1) is the generalized Lorentz Lie algebra sl(C")y = R2?=D) containing
the compact SU(n)-Lie algebra

_ _ (i1, 0 . (1, 0
u(l) = u(ly,) = R( 0 i1,,)’ d(l) =d(1,); = R(O “ln)
l 0 2_
SI(C?)g = sH(Chr = {(0 _ r)h” = 0} = R¥**-D 3.5)

su(n) = su(ny) = {(g g)ltrl =0,1l= l*} = R*"

A possible basis for the Lie algebra sl(C”) uses the (n* — 1) generalized
traceless Pauli, Gell-Mann, etc., matrices o, = (r,,, nontrivial for n = 2,

ic, 0O o, 0
( 0 i(r,,)’ (0 —0,,) (3.6)
The real Lie algebra su(n, n) contains in addition a translation Lie
algebra t(n%) as a maximal Abelian ideal

t(n?) = {(8 3)|x = —x*} =R”,  basis: (g ll"’ow") (3.7)
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The translations as a semidirect factor together with the phase, dilata-
tions, and Lorentz transformations constitute the generalized indefinite unitary
Poincaré Lie algebra

u(n, n) O poinc(n) = u(1) D si(C")g ® d(1) ® t(n?) = R

(Tu(D), u(l) @ sI(C) ® d(1) & 1) = (0)

[d(D), slC% ® d(D)] = {0},  [d(1), (n?)] = t(n?)
with { [SI(C")g, SHCMr] = sl(C")x (3.8)
[SI(C™r, t(n?)] = t(n)

[t(n?), t(n*)] = {0}

\

3.3. Unitary Poincaré Groups for Time and Time-Space

For the generalized unitary Poincaré groups in the unitary conformal
groups, the case n = 1, called unitary Poincaré group for time

u(1, 1) D poine(1) = u(l) & d(1) ® t(1) = R3, t(h=R (3.9
and the case n = 2, called unitary Poincaré group for Minkowski time-space

u(2, 2) D poinc(2) = u(l) @ d(1) D sl(C*) D t(4) = R?, t(4) =R’
(3.10)

are distinguished. Only for n = 1, 2 do the defining complex n-dimensional
representations of SL(C") have an invariant bilinear form and, therewith, a
bilinear form on the translation time R and time-space R*.

For n = 1 (time) with the trivial group SL(C!) = {1} the bilinear form
is simply the product of two numbers, which induces a definite product

n=1: thoat,s—tseR, £=0 @3.11)
For n = 2 (time-space) the SL(C?)-invariant totally antisymmetric spinor
‘metric’ €*® = —¢€” induces the Lorentz ‘metric’ g on Minkowski time-

space, indefinite with signature (1, 3)
n=2  t4)sxy+~ gxy =gx) eR, signg=(L3)
(3.12)
3.4. Modality Groups

Any representation of the totally ordered additive group (R, +), called
the causal group, in a unitary group, called the modality group, on a complex
space V=C% d=d, +d_,

D: R->Uld,d.), 7+ D (3.13)
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has a conjugation * which implements the inversion of the causal group
D(ty* = D(—1) (3.14)

Any unitary causal group representation is built by nondecomposable
ones. The nondecomposable representations of the causal group (Boerner,
1955; Saller, 1989) are characterized by an invariant p € R and a dimension
d e N, They are generated by iH,, with H; being the sum of the identity
1, on the representation space V = C¢ and a power-d nilpotent element N,

(DAtIp) = ™
Hd - }le + Nd
. ford=1. N, =0
Dy(-1n): R - UyuR) C GL(CY, 4 d-1
ford = 2: (Nd)d _ #0
WNa)* =0
. (3.15)

The modality groups of the nondecomposable representations are
given by

d+1 d-1
U( ) ) for d=1,3,...
U;R) = (3.16)
’ U‘—lé for d=2,4
2’2 s Ty e

Only the U(1)-representations (Fourier representations) of the causal
group R are irreducible and positive unitary; they are not faithful. We have

Dy(tip) = ™ = D(—7Ip)* € U(l) C GL(C) 3.17)

The lowest dimensional injective representations are the indefinite uni-
tary reducible, but nondecomposable d = 2 representations

Dyrlp) = e"m(}) " ) = Dy(—Ti)* = (‘1’ (1,)02(71 u)‘((l) (1,)
e U1, 1) C GL(CZ) (3.18)

Their antisymmetric twofold product gives the irreducible U(1)-repre-
sentation Dy (712p); their totally symmetric products give all nondecomposa-
ble, indefinite, unitary faithful U;(R)-representations Dy(71(d — Dp), d =
2,3, ....
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3.5. Modality Groups for Translations

The additive group of translations R has the irreducible, nonfaithful
Fourier representations in the positive unitary modality group U(1)

Di(-1g): R® > U(), Dy(xlg) = &2 (3.19)

characterized by a linear form g (‘energy-momenta’) of the translations.
Faithful representations are possible in the subgroups U(l,,) X T(n?)
of the unitary Poincaré groups with the translation group T(n?) = exp[t(n?)],

Dy(-1g): R™ = U(ly,) X T(n?) C Uln, n)

i(xod, + 323,,))

1, (3.20)

Dy(xlq) = e“""*’(lo"
Those representations have the indefinite modality group U(n, n).

3.6. Quantum Algebras and Quantum Invariants

Any complex vector space V = C? defines its quantum algebra (Saller,
1993a,c) Q.(C*) of Fermi or Bose type € = *1 as a Clifford algebra over
the direct sum space V = V @ V7T = C¥ with the linear forms V. The
Clifford factorization of the tensor algebra ®V is performed with the dual
product, extended e-symmetrically as bilinear form of V, leading to the
characteristic Fermi and Bose (anti)commutators, given in a dual basis {e4,
&}4 =1 of (V, VT) by

[éAa eB]E = Sg

in QC¥), €= *1: {[éA, 2. = 0= [eA eB]. = 0 (3.21)

The Lie algebra of the basic space endomorphisms is represented by
inner derivations of the quantum algebras.

The quantum algebra functors Q. are exponential, i.e., the quantum
algebra of a direct sum space V = V; @ V, is isomorphic to the tensor product
of the individual quantum algebras

Q(V: ® V) = QV) @ QV2) (322

The GL(C")g-invariants C[/] in a quantum algebra Q.(C*) will be
defined to be those quantum elements which commute with all endomor-
phisms of the basic vector space V = C4,

ClI1 = {a € Q(C¥)|le*éz, al =0forallA,B=1,...,d}
(3.23)
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They are generated by the basic space identity or by

A w
I= [i—z‘i"—l’— = eAg, — eg = —efpet + eg (3.24)
Bose quantum algebras Q_(C??) have countably infinite complex dimen-
sion Xy. In this case the identity 7 is transcendental in the quantum algebra
and the ring of invariants C[/] is isomorphic to the complex polynomials in
one indeterminate.
For Fermi quantum algebras which are, because of the nilquadratic basic
vectors (Pauli’s principle), e.g., e'e! = 0, finite dimensional Q,(C¥) =
C¥ the identity [/ is algebraic in the quantum algebra

in QuC*): (1 - g)(! - g + 1) (I + g - 1)(1 + g) =0 (3.2

Therefore the I-polynomials C[/] have maximal degree d.

3.7. Causal Quantum Modalities

A complex representation of the causal group (R, +) on a complex
vector space V = C? with basis {e4} and dual basis {&,} can be canonically
extended to the quantum algebras Q.(C??) for the representation space V @
VT = C%, The modality group U(d,, d_) of the causal group representation
determines a conjugation of the quantum algebra.

The generator il(u) for a positive-definite U(1) representation of the
causal group R on the space V = Cis given in the quantum algebras as follows:

e=u é=u*
Q.(C?) with conjugation * of U(1): {[u*, ule =1 (3.26)
[, u*]le = 0 = [u, v

W) = [e,;’]-e - [u, ; j

The generator iH(b, g) for an indefinite U(1, 1) representation of the
causal group R on the space V = C? with its semisimple and nilpotent part
I(b, g) and N(g), resp., is given in the quantum algebras as follows:

4

el=g € =b

él = bx, éz = gX
QJ(C* with conjugation X of U(l, 1): { [g", bl = 1 = [b*, g
[ng g]e = 0 = [bX, b]E
etc.

\

,b*]_e + [b, g¥1_
[g, b*] (b, g7] + gg* = I(b, g) + N(g) (3.27)

2

H(b, g) = p
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The eigenvectors of the basic space are denoted by g (‘good’), the nilvectors,
i.e., principal vectors which are not eigenvectors, by b (‘bad’).

The quantized U(n, n) representatlons of the translations R™ in the
quantum algebras Q.(C*") have n? generators iQ(b, g)’,

rg",b"‘, A=1,...,n
b, g

Q.(C*) with conjugation X of U(n, n): { (g4, b®le = 8 = (b}, g°l.
[gX, 881 = 0 = [bf, bB],

etc.
\
bX]_e + [b%, gX1- 5
o, gy = ¢ - 2 gl (P)ig'es = q'I(b, g) + N(gy
with p/ = (1,, G,) (3.28)

In spaces with reducible, but nondecomposable representations of the
causal group (R, +), the eigenvectors for the translations form a true subspace
of all vectors with the action of the causal group.

In quantum algebras with a causal group representation on the basic
space V = C7, the subalgebra for the eigenvectors of the translations is given
by the invariants of the nilpotent part N of the generator H =1 + N

eigen Q(C*") = {a € QU(C*)|[Ny, a] = 0} (3.29)

Obviously for U(1)-modality in the quantum algebras Q(C?), the subal-
gebra for the eigenvectors is the full algebra

d=1: N, =0 = eigen Q(C?» = Q.(C? (3.30)

For U(1, 1)-modality the subalgebra for the eigenvectors is a true subal-
gebra generated by the basic space eigenvectors g, g* and the basic space
identity

’b>< - b, x—e
a=2 {Lg g img =BT DL g e 4]

generates eigen Q.(C*) 3.31)

The commutators {b, g] and {g*, b*] are nontrivial only in the Fermi quan-
tum algebra.
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For U(n, n), n = 2, one obtains as generating system

[gA, bA]—€ -; [bA’ gA]—EIA = l, P n}

d=2n {1, ghgx Ib, g =

generates eigen Q. (C*") (3.32)

3.8. Fock and Heisenberg Forms of Quantum Algebras

Expectation values for quantum elements arise with linear quantum
algebra forms (Saller, 1992a). Such forms will be required to be invariant
with respect to the adjoint action of the basic space endomorphisms, i.e.,
they can be nontrivial only on the ring of quantum invariants C[/], generated
by the identity I = ([&,, e4]-)/2

(Va: QC*) > C, a~ {(a) (3.33)
a¢Cll=(;=0

Since the ring of invariants is Abelian, quantum algebra forms will be
required to be Abelian thereon. Therefore they are completely determined
by the form value (), of the generating invariant /

Iy =Ny, k=0,1,... (3.34)

In Fermi quantum algebras Q,(C??) the identity I is algebraic of degree
d. Therefore its form value can be only one of the zeros of the minimal
I-polynomial
dd d d
i Xy, Iy==,=—-1L...,1—=,—= .
in QuC*): (I 2y b 1=-3.-3 (3.35)
Since a quantum algebra Q.(C??) of a vector space V is isomorphic to
the tensor product of its factors with respect to a direct sum V= V; @ V,,
where V) ; carry nondecomposable causal group representations, a linear form
is required to be writable as a product form on the corresponding quantum
algebra factors

QY ® V) = QuV) @ QuVy) = (+)s = ()a e (3.36)
a=aa={ay= (al)d1<a2>d2

If there occur only irreducible causal group representations, the possible
forms of the ‘smallest’ quantum algebras Q.(C?) determine all quantum
algebra forms. For the irreducible representations Dy (7| ) of the causal group
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on V = C, the nonfactorizable Q.(C?)-forms are determined by the possible
form values (I); of the identity I,

[¢,ele=1
(‘)i Q«C? — C determined by { /[e, &1\ _ ’ 3.37
2 )" I
= (de), = 1 - 20y and  €(ed), = 1+ 2en

2 2

For Fermi quantum algebras Q,(C?) there are only two forms, determined
by (I), = *1/2, which trivialize one of the forms {e&), or {(&e),. This structure
is taken over also for the Bose case

_ Jleél\ _ _1 (¢e); = 1 and e{eé); = 0
& = E< 2 >1 -7 {(ée)l = 0 and e(ed), = 1

(3.38)

C _ . _ |u*forel), = —1/2
U(1)-conjugation: e =u, &= {eu* for e(I}, = 12

With those two nonfactorizable forms on the quantum algebras Q.(C?)
over a 1-dimensional space V = C with an irreducible causal group representa-
tion, factorizable forms of Q.(C?) with signature (d,, d_) for [U(1)]4+ X
[U(1)]¢- can be combined

d, —d_
«h), = B )

ford, +d_-=d=1,2,...

Fock forms come with the distinction of a basis {u*}4., and a decomposition
V = @4-, Cu? = C? into irreducible 1-dimensional representation spaces
for the causal group. They can also be called Sylvester forms or oscillator
forms or Abelian forms.

Fermi quantum algebras Q,(C??), in contrast to Bose quantum algebras,
have a linear reflection between the basic vectors V and linear forms V7
which keeps invariant the quantization, but inverts the identity I

3.39
Fock forms of Q(C*) = é Q.(CH: (3:39)

{&4, e} © {e?, &) (invariant)
et o &, eté, — &, (3.40)

I= —s  ° =1, (Dgeo{-I),

The forms of Fermi quantum algebras over vector spaces with even dimension
d allow a reflection-compatible trivial form value

on Q. (C*): I);=0 ford=24,... (3.41)
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Such forms can be combined by forms with (I}, = 0 on Q,(C* over a 2-
dimensional vector space V = C2 with a faithful nondecomposable representa-
tion Dy(7| ) of the causal group and an indefinite U(1, 1)-conjugation

A . . {g",b} =1 = {b*, g}
< )2- Q+(C ) C determined by {<[gx, b]>2 =0 = <[bx’ g]>2

= (g™b), = (bg™), = (b*g), = (gb*), = (3.42)

N[ =

The combined forms have signature (d/2, d/2) for [U(1, D}*2 C U
(dl2, df2):

Dy=0

ford =2,4,... (3:43)

dfr
Heisenberg forms of Q,(C*) = ® Q,(C*: {

Heisenberg forms come with the distinction of a ‘pair’ basis {g#, bA}42,
and a decomposition V = @42, (Cg# + Cb*) = C? into nondecomposable
2-dimensional representation spaces for the causal group. They can also be.
called Witt forms or non-Abelian forms.

3.9. Quantum Algebras with Inner Products

With both a conjugation * from the basic space V = C? induced on a
quantum algebra Q(C*) and a linear quantum algebra form (- ),, which is
conjugation-compatible {a*); = (a),, the quantum algebra carries an inner
product

(1) QUC) X QLC¥) > C,  Xalb) = (a*b); = *(bla)
3.44)

The invariance group U(d,, d_) for the conjugation * of the basic space
V = G4 determines the positive or indefinite structure of the inner product
of the quantum algebra.

The factorization of a quantum algebra with the left ideal of the orthogo-
nal for the inner product (Gelfand—Naimark—Segal construction)

Q(C*)' = {n € QC*|(a*n); = *aln) = 0 for all a € Q(C*)}
(3.45)

determines the vector space Q.(C*)/Q.(C*)* where the classes carry an
induced nondegenerate inner product.
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4. UNITARIZATION FOR INDEFINITE METRIC FIELDS

Quantum fields describe both particles and interactions. An experimenter
in a laboratory uses an asymptotic space spanned by Wigner particle states,
which has to be interpretable with probabilities.

A free relativistic particle quantum field ®(x1m) with mass m = 0,
Fermi or Bose € = *1, is characterized by its spacelike trivial quantization
distribution s(x|m) (principal value integration m} in the energy plane)

[®, B).(x|m) = [®O0Im), B(xIm)). = is(x|m), % s(xim), ...

=0forx* <0 4.1)
4 e™ 1 40 e™a 1

and its expectation function for the ‘opposite’ commutator C(x|m), which is
supported also spacelike

([P, P]_)(xIm) = (&0 m), P(xIim)]-) = ClxIm), —% Cx\m), ...

4
Clxim) = j d(zq ‘;3

The expectation function C—not the causally supported quantization distribu-
tion s—relies on the metrical structure of the quantum fields with respect to
the inner product induced by both a linear quantum algebra form and a
conjugation (Section 3), conmected with the time-space translation
representations.

The sum of causally ordered quantization distribution and expectation
function is the Feynman propagator

(TPD) (x| —im) = —e(xp)[P, Pl(xIm) + ([, P]_HxIm)

3(m? ~ ¢ 4.2)

= f(x| —im), —% f(x! —im), . .. 4.3)

together with the conjugated distribution (‘anti-Feynman propagator’) given
as follows:

f(xlxim) = *ie(xp)s(xim) + C(xIm) = f(x1¥im)

4, i
= Jd(;:); 20(*x0q0)d(m* — ¢ 4.4)

L d*q e 1 d’q e~% o*i0lao
Qm)? m* xio— ¢ (2m)*qo
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The Feynman combinations f(x| +im) contain the sign functions [1 % e(xyq))/
2 = B(*x0qo), relating to each other the causal structures of time translations
and energies; they allow nontrivial in- and outgoing states.

The time integrals of the Feynman distributions exhibit via the Yukawa
potential the interaction structure realized by the relativistic quantum fields.
They involve only the quantization distribution s(x|m) and are independent
of the inner product structure

—&lm
Ti J dxo £x1 xim) = Jdlxol s(xlm) = 5— 4.5)
27lx|

Here time and energy integration have been interchanged.
The space integral of the Feynman distributions gives a causally ordered
time representation

*iixglm

J d>x f(x| xim) = (4.6)

Here space and momentum integration have been interchanged.
For time x; = O only the inner-product-dependent expectation function
C(xim) contributes nontrivially

J d?x £(x | £im) = I d?x C(x Im) = 1 .7

m

A quantum algebra for fields with an indefinite modality group U(n, n)
carries an indefinite inner product (Section 3); it is in danger to lead via
the expectation function to ‘negative probabilities.” The dangerous quantum
algebra elements with ‘negative norm’ are relevant for a local formulation
of relativistic interactions, e.g., for the Coulomb interactions (Section 2.1).
Since such fields have no particle interpretation and have to be avoided as
in- and outgoing states, they should contribute only with their interaction
describing quantization distributions.

The nilpotent part in the representation of the time-space translations
provides a projection to cut out a subalgebra of time-space translation eigen-
vectors (particles). They carry a positive-definite inner product and build the
asymptotic state space.

4.1. Unitarity for Particle Fields

The realization of the probabilistic structure for relativistic fields with
a complete particle interpretation (Section 1) is simple: Such fields represent
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the time-space translations in the group U(1) or, more exactly in U(1,) for
d degrees of freedom, generated by il(u)
d o gk
Whowlo= 85 MW= 3 e with fue) = e
a=1
4.8)

For fields with momentum-dependent harmonic components u(?i) one
has to include a sum with [ [d>q/(2m)3qo] (Section 1). The local stability
group, e.g., spin SU(2) and SO(3) or circularity (polarization) U(1) and
SO(2), has to be compatible with the modality group U(1).

The quantum algebra Q. (C**) for the harmonic components u®, uj is
the product of d individual quantum algebras Q.(C?), one for each a. These
factors carry via the Fock form (- ), and the U(1)-conjugation * a positive-
definite inner product (Sections 3.8, 3.9), .g., shown in an orthogonal Q.(C?)-
basis {u‘u*|k, = 0, 1, ...} (for Fermi algebras only k, I = 0, 1)

c (o)) =1
for Q(C?»: (), = 5= Pl = k13, 4.9)
*(whu*™ o™y = k198,009,004

The asymptotic particle Fock space can be spanned by the classes of
the norm nontrivial vectors {u‘|k = 0, 1, ...}.

4.2. Unitarization for Gauge Fields

The dangerous indefinite structures for Maxwell-Witt fields A(x)*
(gauge fields) arise because of the representation of the translation group for
the (0, 3)-degrees of freedom in the indefinite unitary group U(1, 1)—with
the symbols of Section 2.1,

in Q_(C*%»: [G*,B]=1 = [B*,G] (4.10)

{B,GX) + (G, B*} , GGX
2 M,
In contrast to G, G* (‘good’), the vectors B, B* (‘bad’) are not eigenvectors of
the time translations. They have to be avoided in the asymptotic particle space.
The Fock form (- ), with the U(1, 1)-conjugation X gives an indefinite
inner product *(alb) = (a*b), of the Bose quantum algebra Q_(C*),

(B*G);, = 1 = (G*B),

(G*G), = 0 = (B*B),

IB,G),=1= <GX:BXGtB> _X<G1B|G1B>
2

2 2L N2l 2

H@B, G) =

= I(B, G) + N(G)

*1

4.11)
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Asymptotic help comes from the Fadeev—Popov fields (Section 2.2) which
have a ‘twin’ structure with respect to the (0, 3)-components of the Maxwell-
Witt fields

in Q. (C%: {a*,u} =1={u* a} 4.12)

[u, a%] -;— [a, u™] n E}%; = I(a, u) + N(u)

They have an indefinite Fock inner product, too:

H(a,u) =

(@a%u), = 1 = (u¥a),
(W u), = 0 = (a*a),

(a,w),=-1= <uxtaxuia>_x<uta
V2 2 V2

uia>:_’_1

2
4.13)

The generator for the translation group representation for both the non-
particle gauge field degrees of freedom and the Fadeev—Popov fields in U(1,
1) X U, 1)

H(B, G, a, w) = HB, G) + H(a, u) 4.14)

is invariant under the Becchi~Rouet—Stora transformation (Becchi et al.,
1976), which—in a quantum framework—replaces the classical gauge trans-
formation. The BRS transformation is effected by a nilquadratic Fermi ele-
ment N(G, u) in the product quantum algebra Q_(C*) ® Q,(C* which is
compatible with the translation action (Saller, 1991, 1992b)

N(@G, u) = i(Gu* — uG™),
N@G, v)* = 0,
[H(B, G, a, u), NG, w)] = 0 4.15)

The BRS charge N(G, u) acts by the hybrid (Z,-graded) bracket [N, a] on
the quantum elements, i.e., with a commutator on Bose and an anticommutator
on Fermi elements.

Only the translation eigenfields G(x) (gauge-fixing Bose field) and
U(x)t (Fadeev-Popov Fermi field) can be combined to a nilpotent Lorentz
vector current N(x) in a field theory (Kugo and Ojima, 1978)

NG, v) = Jd3x NG, N@) = G(x)Ux). (4.16)

The gauge-fixing or the Fadeev—Popov field alone gives a Lorentz scalar
GG or a tensor UL U,.
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The subalgebra of the BRS invariants (‘gauge invariants’) can be gener-
ated and spanned by translation eigenvectors only

eigen Q. _(C% = {a € Q_(C*) ® Q(CY|[N(G, v), a] = 0}
generated by {1, G, G*, u, w*, I(B, G) + I(a, u)} 4.17)
(IB,G) + I(a,u)), =0

The condition of gauge invariance, adequately implemented as BRS invari-
ance for quantum fields, merges with the condition to have only translation
eigenstates in the asymptotic state space.

With respect to the Fock form, the subalgebra of the BRS invariants
(translation eigenvectors) carries a positive-semidefinite inner product. After
factorization with the orthogonal of the Fock form on the BRS-invariant
subalgebra (GNS construction), there remains a trivial ‘c-number’ complex
1-dimensional asymptotic vector space whose basis can be represented by
the quantum algebra unit 1.

Nevertheless, the translation representation in the indefinite unitary mo-
dality group U(1, 1) is relevant for the interactions, as illustrated by the ordered
time integral of the quantization distribution s(x!0), which has nontrivial
contributions from both particle and nonparticle degrees of freedom (Cou-
lomb potential)

i J' dxo €AY, Ax)'] = ¥ —E (4.18)
2mrix|
If an ‘incoming’ particle state s, which as a translation eigenstate is
simultaneously BRS-invariant, [N, s} = 0, e.g., with photons U'? and other
particle representations u* with modality group U(1), undergoes a time-space
development with the translation group generator H, the resulting ‘outgoing’
state [H, s] remains BRS-invariant, [N, [H, s]] = 0, since [H, N] = 0.

4.3. Unitarization for Heisenberg—Majorana Fields

Heisenberg—Majorana fields realize faithfully space-time translations in
the indefinite modality group U(2, 2) with the generator iQ(b, g)f—fogmulated
in the notation of Section 2.3 without the momenta dependence b(g), etc.:

in Q.(C%): {bg, g’} = (g, bP} = Bf (4.19)

J[b°, gX] + [, b]
2

o, g) = ¢ + g*(p/)gg = ¢’Ib, g) + N(g)/

g%, g% (‘good’) are translation eigenvectors, in contrast to the nilvectors b®,
bX (‘bad’).
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The subalgebra with all time-space translations eigenvectors is character-
ized by a trivial action for the nilpotent part of the translation representation

eigen Q.(C%) = {a e Q,(CY|[N(g), a] = 0} (4.20)
generated by {1, g%, g%, I(b, g)}

Obviously, the nilpotent part (nilcharge) is compatible with the generators
of the time-space translations

[Q(O, ), N(g)'] = 0 4.21)

In the full field-theoretic formulation the nilcharge N(g)’ is the space
integral of the nilcurrent N(x)/

Mgy = j PxNGEY,  N@ = g4 igwix 4.22)

The appropriate quantum algebra form for the modality group U(2, 2)
is the indefinite Heisenberg form (Section 3.8)

([ba, g"])4 = ([gx, b*1)y =0
N, =0=> (bgP)s = (g2bP)y = . 4.23)
(gPb2)s = (bPgy)y =2 88

With respect to the indefinite inner product there survives only a trivial
complex 1-dimensional asymptotic state space for the Heisenberg—-Majorana
fields, spanned by the quantum algebra unit 1 (Section 3.7).

The vanishing form for the translations generator (Q(b, g)’) = 0 leads
to a trivial expectation function for the quantization opposite commutator of
the Heisenberg—Majorana fields

(O, bxy'D =0,  ([gO, b =0, (g0, gx)']) =0
(4.24)

Therewith the Feynman propagators have no spacelike contributions; there
are no in- and outgoing particle states (Heisenberg, 1967).

If the causally supported propagator is written as a difference of Feynman
and anti-Feynman propagators [f(x| —im) — f(x1im)]/2, e.g.,

y 4 X
(TBO*BE) = () (BO*, b} = 5= I d( Zqﬁ«;" - c:kq:‘n =
(4

1 1 1 1
== + :
¢ —-m 2 |:q2 -m?+io q*—-m— io] (4.25)
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one may also say that the in- and outgoing states, seen in the integration
prescription *io, compensate each other. Such a compensation is familiar
from the ‘twin’ structure for the (0, 3)-gauge field nonparticle contributions
and the two Fadeev-Popov degrees of freedom (Section 4.2).

Although Heisenberg—Majorana fields have no asymptotic spacelike
interpretable particle contributions, they can induce nontrivial interactions
via their causally supported quantization distributions, €.g., seen in the expo-
nential potential

j dxq €(x0){b(0)*, b(x)} = —2p%9, j dixyl s'(xIm)

~1Xlm

2 J dixgl s'(xIm) = — (4.26)

wm
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